Abstract. We show that the unboundedness of the ranks of the quadratic twists of an elliptic curve is equivalent to the divergence of certain infinite series.
Introduction
In this paper we reformulate the question of whether the ranks of the quadratic twists of an elliptic curve over Q are bounded, into the question of the whether certain infinite series converge. Our results were inspired by ideas in a paper of Gouvêa and Mazur [2] .
Fix a, b, c ∈ Z such that f (x) = x 3 + ax 2 + bx + c has 3 distinct complex roots, and let E be the elliptic curve y 2 = f (x). For D ∈ Z − {0}, let E (D) be the elliptic curve Dy 2 = f (x). For every rational number x which is not a root of f (x), there are a unique squarefree integer D and rational number y such that (x, y) ∈ E (D) (Q). For all but finitely many x, the point (x, y) has infinite order on the elliptic curve E (D) . In [2] , Gouvêa and Mazur count the number of D that occur this way as x varies, and thereby obtain lower bounds for the number of D in a given range for which E (D) (Q) has positive rank.
Building on their idea, in this paper we keep track not only of the number of D which occur, but also how often each D occurs. The philosophy is that the greater the rank of E (D) , the more often D should occur, i.e., curves of high rank should "rise to the top". By implementing our approach, Rogers [10] found a curve of rank 6 in the family Dy 2 = x 3 − x. Let
gcd(u, v) = 1 and F (u, v) = 0}.
We define three families of infinite series as follows.
If n ∈ Q × , let s(n) denote the square-free part of n, i.e., s(n) is the unique squarefree integer such that n = s(n)m 2 with m ∈ Q. Note that s(f (u/v)) = s(F (u, v)) for all u, v ∈ Z such that F (u, v) = 0. If α is a non-zero rational number, and α = u/v with u and v relatively prime integers, define h(α) = max{1, log|u|, log|v|}.
1
For non-negative real numbers j and k define the infinite sums
Further, if d is a positive integer, let
(In general there will be more than one shortest vector; just choose one of them.) Define
Our main result is the following, which will be proved in § §2-4.
Theorem 1. If j is a positive real number, then the following are equivalent:
It follows from Theorem 1 that for many elliptic curves E and for small values of j, S E (j, k), R E (j, k), and Q E (j, k) diverge for all real numbers k.
Example 2. Consider the case f (x) = x 3 − x. Here,
. In this case S E (j, k) has a particularly simple form. The family of quadratic twists Dy 2 = x 3 − x has been extensively studied.
Ranks in families of twists of elliptic curves have also been studied, for example, by Heegner [5] , Kramarz [7] , Satgé [11] , Zagier and Kramarz [15] , Gouvêa and Mazur [2] , Heath-Brown [3] , [4] , and Stewart and Top [13] .
2.
Relating S E (j, k) to twists of E If A is an elliptic curve over Q, letĥ A : A(Q) → R ≥0 denote the canonical height function on A(Q). We abbreviateĥ D =ĥ E (D) for squarefree integers D.
where x(P ) is the x-coordinate of P , and define
If A is an elliptic curve over Q, let A N denote the N -torsion on A. It is straightforward to show the following. 
defines a bijection
Proof. We have
By Lemma 3,
(see the hint in Exercise 8.17 on p. 239 of [12] ). For (x, y) ∈ E(Q) with x ∈ Q,
is bounded independently of x and y (see Theorem VIII.9.3(e) of [12] ). Therefore there is a constant C (independent of u, v, D, and
Except for finitely many rational numbers u/v, we have
Therefore if either |u| or |v| is sufficiently large, then
It follows that the convergence or divergence of S E (j, k, X) is equivalent to that of
If A is an elliptic curve defined over R, let A(R) 0 denote the connected component of the identity in A(R).
and U is an open subset of A(R)
0 . Then
where µ is a Haar measure on
Proof. By Satz 10 on p. 93 of [6] , if α 1 , . . . , α r ∈ R are Z-linearly independent in R/Q and 0
where z denotes the fractional part of a real number z, i. e., 0 ≤ z < 1 and z − z ∈ Z. Since A(R) 0 ∼ = R/Z, the lemma follows easily.
If A is an elliptic curve over Q, let
Proposition 6. Suppose A is an elliptic curve over Q, and j is a positive real number. Let r = rank Z A(Q).
(i) If r ≥ 2j and U is a nonempty open subset of the connected component of the identity in A(R), then
(ii) If r < 2j then there exists a constant C j depending only on j (and independent of A) such that
Proof. Suppose P 1 , . . . , P r is a Z-basis of A(Q) ∩ A(R) 0 modulo torsion. The canonical height functionĥ A is a quadratic form on the lattice A(Q)/A(Q) tors , and
By the theory of Epstein zeta functions, the latter sum diverges if 2j ≤ r. Using Lemma 5 it is now straightforward to deduce (i). By Proposition 1(c) in IV.4.4, Vol. II of [14] , there exist a positive constant K r depending only on r, and a Z-basis P 1 , . . . , P r for A(Q)/A(Q) tors , such that for all (n 1 , . . . , n r ) ∈ Z r ,
The Epstein zeta function E r (j) converges if r < 2j (see I.1.4, Vol. I of [14] ). Thus assertion (ii) is true with
Remark 7. Proposition 6(ii) remains true, with the same proof, when Q is replaced by a number field. Proposition 6(i) remains true, with the same proof, when Q is replaced by a number field with a real embedding, or when Q is replaced by an arbitrary number field and U is replaced by A(C).
Definition 8. Write e max (resp., e min ) for the largest (resp., smallest) real root of f . We say that X is broad if X is an open subset of R which has nontrivial intersection with both of the intervals (e max , ∞) and (−∞, e min ).
Theorem 9.
If j is a positive real number, then the following are equivalent:
Proof. Fix a positive real number j. Clearly, (c) ⇒ (b), by taking X = R.
If S E (j, k, X) converges for some k ≥ 1, and some broad X, then by Proposition 4, T E (j, k, X) converges as well. In particular for every square-free D the inner sum
converges. Since X is broad, the set
is nonempty. Proposition 6(i) now shows that rank Z E (D) (Q) < 2j. This proves that (b) ⇒ (a).
Now suppose that rank
By Mazur's Theorem [8] , #E (D) (Q) tors ≤ 16. By Proposition 6(ii),
It follows from Exercise 8.17c on p. 239 of [12] that there exists
It follows that T E (j, k) converges if k > 1, or if k = 1 and j > 1. There exists a D so that rank Z E (D) (Q) ≥ 2 (by [9] when the j-invariant of E is not 0 or 1728; however, Mestre says he shows this in general in unpublished work). Therefore j > 1, so T E (j, k) converges. By Proposition 4, S E (j, k) converges. Therefore, (a) ⇒ (c).
3.
Relating R E (j, k) and S E (j, k) Proposition 10. If k > 1/2, j ≥ 0, and X ⊂ R, then:
, and (ii) R E (j, k, X) converges if and only if S E (j, k, X) converges.
since k > 1/2. This is (i), and part (ii) follows immediately.
Corollary 11. If j is a positive real number, then the following are equivalent:
Proof. This is immediate from Proposition 10 and Theorem 9.
4.
Relating Q E (j, k) and R E (j, k) Let ν(d) denote the number of prime divisors of d. Let
Lemma 12. Suppose (u, v) ∈ Ψ, t ∈ Z, and t 2 |F (u, v). Then there exists a unique
where v ′ is the inverse of v (mod d 2 ). The proof is now straightforward.
Proof. It follows from Lemma 12 that
Hence if X ⊂ R we have
In the remainder of this proof, unless otherwise noted (by a subscript denoting additional dependence on something else), "≪" and "≫" mean up to a multiplicative constant that depends only on F , j, and k.
Conversely, suppose Q E (j, k) converges. We will show that for some broad X, R E (j, k, X) converges. Then by Corollary 11, R E (j, k) converges as well.
Let X be a broad bounded subset of R such that f is nonzero on the closure of X (for example, we could take X = (e min − 2, e min − 1) ∪ (e max + 1, e max + 2)). Then on X, |f | ≫ X 1. Therefore if u/v ∈ X, then
the final inequality because X is bounded. It follows that if u/v ∈ X then
By (4) and (5) we have R E (j, k, X) ≪ X R 1 + R 2 where
Exactly as in the proof of Proposition 6(ii), the theory of Epstein zeta functions shows that there is an absolute constant C such that
It remains to show that R 2 converges. (Note that the terms in R 2 have no counterparts in Q E (j, k).) Fix positive integers d and
One can check that for every m, n ∈ Z,
where the last inequality follows from (7) and a computation of the corresponding integral. Thus
It is easy to see that 3 ν(d) ≪ ε d ε for every ε > 0. Therefore these sums converge, if k > 1/2. This completes the proof. 
Proof. This is immediate from Proposition 13 and Corollary 11. Theorem 1 is now immediate from Theorem 9 and Corollaries 11 and 14.
Additional remarks
Remark 15. As in (6) and (7), each ω α,d,d ′ lies in an annulus A t of inner radius C 1 √ t and outer radius C 2 t, with positive constants C 1 and C 2 depending only on F . If the lattices L α,d,d ′ were "random" lattices of area t 2 (with F (ω α,d,d ′ ) = 0) then one can compute that for large t, the expected value of
. If we replace the corresponding terms of Q E (j, k) with this expected value, we obtain a "heuristic upper bound" for Q E (j, k) of
Here we have used that the number of (α, d, d
′ ) ∈ S with dd ′ = t is O(4 ν(t) ), and
The heuristic upper bound (8) correctly captures the fact that the divergence of Q E (j, k) is independent of k. On the other hand, the heuristic upper bound does not correctly predict the divergence of Q E (j, k). Note that (8) converges if and only if j > 4. However, it cannot be the case that Q E (j, k) converges for all E and all j > 4, by Theorem 1 and the existence of elliptic curves over Q of rank greater than 8.
Remark 16. Another way of studying the "randomness" of the lattices
It is straightforward to compute that for fixed C and large B, the expected value of #S B,C is O(log 4 (B)). (9) Now suppose that E and D are fixed, and rank Z E (D) (Q) = r. Fix r independent points P 1 , . . . ,
. As in the proof of Proposition 13, fix a broad bounded subset X of R such that f is nonzero on the closure of X, and for B ∈ R + define
Suppose P is a non-zero point in M B . Then 
Exactly as in (5), we have
for some constant C ′ (depending only on F and X). Using (6), (2), (10) , and Lemma 3 we have
By Lemma 5, #M B ≫ X log r/2 (B). (13) It is not difficult to check that the fibers of the map from M B to S all have order bounded by 6 times the number of divisors of D, and it follows from this, (11), (12) , and (13) that
. (14) Comparing (9) and (14) Remark 20. Suppose we replace the cubic polynomial f (x) by a polynomial of degree d ≥ 5 (with distinct complex roots), and replace F (u, v) by v m f (u/v) where m is even and m ≥ d. Then the resulting hyperelliptic curve has genus greater than one. Caporaso, Harris, and Mazur [1] conjectured that the number of rational points on curves of genus greater than one is bounded by a constant depending only on the genus of the curve. The conjecture of Caporaso-Harris-Mazur implies that the corresponding sums S E (j, k) and R E (j, k) converge for all k > 1 and j ≥ 0 (since, conjecturally, #Σ D,R is bounded by a constant that is independent of D, where Σ D,R is defined in equation (1)).
